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Abstract Bacterial ﬂagellar ﬁlament can undergo a stress-induced polymorphic phase transition in
both vitro and vivo environments. The ﬁlament has 12 diﬀerent helical forms (phases) characterized
by diﬀerent pitch lengths and helix radii. When subjected to the frictional force of ﬂowing ﬂuid, the
ﬁlament changes between a left-handed normal phase and a right-handed semi-coiled phase via phase
nucleation and growth. This paper develops non-local ﬁnite element method (FEM) to simulate
the phase transition under a displacement-controlled loading condition (controlled helix-twist). The
FEM formulation is based on the Ginzburg-Landau theory using a one-dimensional non-convex
and non-local continuum model. To describe the processes of the phase nucleation and growth,
viscosity-type kinetics is also used. The non-local FEM simulation captures the main features of the
phase transition: two-phase coexistence with an interface of ﬁnite thickness, phase nucleation and
phase growth with interface propagation. The non-local FEM model provides a tool to study the
eﬀects of the interfacial energy/thickness and loading conditions on the phase transition. c© 2011
The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1104401]
Keywords polymorphic phase transition, bacterial ﬂagellar ﬁlament, Ginzburg-Landau, non-local
elasticity, ﬁnite element method, non-convex viscoelasticity
The motion of the ﬂagella of live bacteria was ﬁrst
observed by Ehrenberg1 in 1838. Flagella-based motil-
ity is a major mode of locomotion for bacteria. The long
helical ﬁlament is the propeller made up of only one
kind of protein called ﬂagellin.2,3 Macroscopically the
ﬁlament can be viewed as a hollow tube with an outer
diameter of 20 nm and a length of 15–20 μm and can
take a helical shape.4 As shown in Figs. 1(a) and 1(b),
when the bacterium swims, the ﬂagella form a rotat-
ing bundle as the motor is in counter clockwise (CCW)
rotation. When the motor rotation reverses, transition
from normal (N) phase to semi-coiled (SC) phase occurs
in the ﬁlament.5–8 A ﬁlament has 12 phases with diﬀer-
ent radii and pitch lengths, whose microstructure diﬀer-
ence is characterized by the protein subunit misﬁt (e.g.
0.8 × 10−10 nm). The phase transition of the ﬁlament
can be induced by chemical change or by mechanical
loading.9–16 The mechanical analysis on the experiment
of Hotani17 showed that both torque and bending mo-
ment contribute to the phase nucleation, and they are
close to zero at the interface (phase front) during the
equilibrium phase growth. This is consistent with the
thermodynamic equilibrium phase transition condition:
Maxwell forces are zero and the two coexisting phases
have the same free energy.17
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In literatures, there are several theoretical models
proposed to describe the phase transition behavior of
ﬂagellar. Goldstein et al.18 and Coombs et al.19 pro-
posed a bistable energy function to represent two equi-
librium phases, and qualitatively explained the chirality
transition of a ﬁlament observed in Hotani’s experiment.
Power et al.20,21 proposed another continuum theory
for the polymorphism of the ﬁlament to account for the
alternate stable conformations. Since the constitutive
models of the ﬁlament are strong non-linear, exact an-
alytical solutions are diﬃcult to obtain. Moreover, in
order to describe the phase transition process, such as
phase nucleation and growth with interface propaga-
tion, a non-local formulation of interfacial energy need
to be included, similar to the simulations of the local-
ized deformation in the phase transition process of many
shape memory alloys.22,23 So far, there is no simulation
tool capable of describing the bacterial ﬂagella phase
transition.
In this paper, we introduce a theoretical framework
of the non-convex non-local viscoelasticity and imple-
ment it in a one dimensional (1D) non-local ﬁnite el-
ement method (FEM) code to simulate the ﬁlament’s
phase transition. The theoretical framework and the
FEM implementation are introduced later, the results
of the FEM simulation are discussed and summary and
conclusions are given.
The Lagrange formulation for non-local viscoelasti-
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Fig. 1. (a) Illustration of Movements of E. coli, when its
motor rotates CCW, ﬂagella are in a bundle and the cell
swims; when the motor reverses direction, ﬂagella fall apart
and the cell tumbles. (b) Transition between normal and
semi-coiled form under external viscous ﬂuid force.
city22–25 is
δU
δqi
+
δD
δq˙i
= 0, (1)
where U =
∫
(W +G) dx, D =
∫
Rdx; x is the spa-
tial coordinate of the 1D model; δqi and δq˙i represent
the variations of the freedom and the rate of the free-
dom (δq˙i = δ (dqi/dt)), respectively; W , G and R are
respectively the nonconvex elastic energy density which
describes material instability and phase transition,26–28
the nonlocal gradient energy density to account for
the interfacial energy,26–29 and the Rayleigh dissipation
function for the viscous overdamping kinetics.22,23,25 To
use the framework to describe the ﬂagella phase tran-
sition, suitable energy formulations for the ﬂagella—
non-convex elastic energy, elastic gradient energy and
dissipation energy—are needed.
A Landau free energy (non-convex) is used to de-
scribe the elastic energy of the ﬁlament. The equilib-
rium twist and curvature of the N phase and SC phase
of the ﬁlament are (–2, 1.2) and (2, 2.4), respectively
(unit: rad/μm). For simplicity, we consider only the
twist diﬀerence of the two phases in the energy formu-
lation. That means, the non-convex elastic energy is
a function of the twist. For mathematical convenience,
we shift the equilibrium twist from (–2, 2) to (0, 4), and
express the elastic energy density as
W = 16×10−25γ2− 8× 10−25γ3+1×10−25γ4, (2)
where γ denotes the twist (per unit length). Equa-
tion (2) is plotted in Fig. 2, which has two equilibrium
phases.
Fig. 2. Double-well free energy as a function of twist. The
two wells represent two stable phases: normal and semi-
coiled.
To describe the energy of the interface between the
coexisting phases, non-local energy (gradient energy)
density26,28 is included in the current model
G = g · (γ′)2 , (3)
where γ′ = dγ/dx and g contains a material intrinsic
length characterizing the interface thickness.
All the instability phenomena during phase transi-
tion (e.g., phase nucleation) are nonequilibrium in na-
ture in which the system passes from an unstable equi-
librium state to a stable equilibrium state during which
its potential energy is reduced by dissipation. A typ-
ical viscous dissipation function (Rayleigh dissipation
function) is
R(γ˙) = 16× 10−25γ˙2tr, (4)
where tr is the material characteristic relaxation time,
the unit of W , G and R is Nm. It is noted that the
dissipative energy function is positive deﬁnite.24,25
The procedures for implementing the non-convex
non-local viscoelasticity model in FEM simulation are
reported.
To calculate the integration of the free energy along
the ﬁlament (x coordinate) in Eq. (1), the ﬁlament is
discretized into elements. The displacement ﬁeld (dis-
tribution of the torsion angle) in the element is rep-
resented by the nodal displacements and proper shape
functions. In the present FEM model, the nodal dis-
placement is the torsion angle; the derivative of the dis-
placement is the twist. As shown in Eqs. (1) and (3),
the energy of the system includes both the twist and
the twist gradient. So, elements with C-1 continuity
are used in the current model.
In Fig. 3, the ﬁlament (length 20 μm) is divided
into n−1 elements with n nodes. Each element has two
nodes and each node has two nodal degrees of freedom:
044001-3 Simulation of bacterial ﬂagellar phase transition Theor. Appl. Mech. Lett. 1, 044001 (2011)
nodal displacement θ and nodal displacement gradient
θ,x. Then the displacement ﬁeld θ in an element can be
calculated as
θ =
[
h1 h2 h3 h4
]×
⎧⎪⎨
⎪⎩
θi
θi,x
θi+1
θi+1,x
⎫⎪⎬
⎪⎭ , (5)
where the shape functions are
h1 =
1
4
(1−m)2 (2 +m) ,
h2 =
h
8
(
1−m2) (1−m) ,
h3 =
1
4
(1 +m)
2
(2−m) ,
h4 =
h
8
(−1 +m2) (1 +m) .
Fig. 3. Nodal freedoms and elements used in the FEM sim-
ulation. The ﬁlament is divided into n − 1 elements; each
element has two nodal freedoms: θ, θ,x; h is the element
length.
Here m is the local coordinate of an element; and
the local coordinates of the two nodes in one element is
–1 and 1, respectively (Fig. 3). With the displacement
ﬁeld (torsion angle ﬁeld) in Eq. (5), the twist γ and
twist gradient γ can be expressed as
γ =
[
∂h1
∂x
∂h2
∂x
∂h3
∂x
∂h4
∂x
]
×
⎧⎪⎨
⎪⎩
θi
θi,x
θi+1
θi+1,x
⎫⎪⎬
⎪⎭ , (6)
γ′ =
[
∂2h1
∂x2
∂2h2
∂x2
∂2h3
∂x2
∂2h4
∂x2
]
×
⎧⎪⎨
⎪⎩
θi
θi,x
θi+1
θi+1,x
⎫⎪⎬
⎪⎭ .
(7)
Substituting Eqs. (6), (7) and (2)–(4) into the en-
ergy variation Eq. (1) and assembling all the elements,
we can obtain23,30 the equilibrium equations as
K˜ · q˜ + C˜ · ˜˙q = 0, (8)
where q˜ is a vector containing all the nodal freedoms
of the system; K˜ and C˜ are the stiﬀness and viscos-
ity matrices, respectively. Since the material constitu-
tive energy is non-linear (non-convex elastic energy in
Eq. (2)), K˜ is not a constant matrix, but depends on
the state of the material (i.e., depends on the nodal free-
doms q˜). Therefore, the equilibrium equations (Eq. (8))
are non-linear.
The displacements (torsion angle) at the two ends
of the 1D system (n nodes) are speciﬁed as
at node 1, θ1 = 0,
at node n, θn = Δ,
where Δ is the speciﬁed loading (torsion angle).
Discrete approximation in time dimension is used to
solve Eq. (8). When the state (q˜t) at time t is given, the
state (q˜t+Δt) at time t+Δt can be obtained by solving
K˜t+Δtq˜t+Δt + C˜t+Δt
(q˜t+Δt − q˜t)
Δt
= 0, (9)
where (q˜t+Δt − q˜t)/Δt takes the place of ˜˙qt+Δt for ap-
proximation. Such an approximation (also called back-
ward diﬀerence) is unconditionally stable in the implicit
numerical calculation.31 Equation (9) can be rearranged
into(
K˜t+Δt +
C˜t+Δt
Δt
)
q˜t+Δt − C˜t+Δt
Δt
q˜t = 0. (10)
Since the element stiﬀness depends on nodal free-
doms, the stiﬀness K˜ is not a constant matrix but
depends on the magnitudes of the nodal freedoms.
Therefore, Eq.(10) is a system of nonlinear equations
and needs an iteration scheme to solve. The Newton-
Raphson iteration method32 is a common method to
solve such nonlinear equations.
The Newton-Raphson iteration method is used to
solve a nonlinear equation like
Φ = ϕ− λ = 0, (11)
where ϕ is a nonlinear function of the unknown q while
λ is a constant. If an approximation (initial) value of
the unknown is given, q(i), an improved solution, q(i+1),
can be obtained through a Taylor expansion of Eq. (11)
for the ﬁrst order approximation, let
Φ(q(i+1)) = Φ(q(i)) +
∂Φ(q(i))
∂q
·Δq(i) = 0
⇒ Δq(i) = −
(
∂Φ
∂q
)−1
Φ(q(i))
= −
(
∂ (ϕ− λ)
∂q
)−1
Φ(q(i))
= −
(
∂ϕ
∂q
)−1
Φ(q(i))
⇒ q(i+1) = q(i) +Δq(i).
(12)
This means that the approximation value in the (i+
1)th iteration step, q(i+1), can be obtained by that in the
ith iteration step, q(i), through Eq. (12). The iteration
process repeats until the following convergent criterion
is reached{
Φ[q(i+1)]
}2
< a small value. (13)
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The small circle on the energy curve in Fig. 2 is
the spinodal point of the non-convex energy. When a
perfect ﬁlament is loaded up to this point, the FEM sim-
ulation has ill-conditioned stiﬀness and it is not possi-
ble to ﬁnd the solutions properly through iteration. In
our current simulations, several selected elements are
treated as defects by reducing their cross section area
by a certain percentage so that new phase can be nu-
cleated there.
The capability of the non-local FEM simulation in
describing the ﬂagella phase transition is demonstrated.
Moreover, the eﬀects of the interface and the viscous
relaxation on the phase transition are also discussed.
The simulated torque-twist curve of a ﬁlament
(length 20 μm) is shown in Fig. 4. After the ﬁrst elas-
tic deformation of the N phase, there is a load drop
in the curve characterizing the nucleation of the SC
phase. During the growth of the SC phase, the torque
is zero, which means that the two phases are coexisted
and on the Maxwell line.17 When the SC phase grows
to occupy the whole ﬁlament, the torque experiences a
sudden change due to interface annihilation. Further
loading leads to elastic deformation of the SC phase.
Fig. 4. Simulated torque-twist curve of a ﬁlament under
torsion loading.
According to the torque response (Fig. 4), the twist
distributions of the phase nucleation and growth are
shown in Fig. 5. It is seen that after initial elastic load-
ing (loadings 1–2), an SC phase nucleates from the N
phase (loading 3). Then the SC phase grows and coex-
ists with the N phase. The equilibrium twists of these
two phases are 0 rad/ μm and 4 rad/ μm, respectively.
There is a transition zone (interface) between the two
phases, whose thickness is around 1.2 μm. During the
coexistence of the two phases, the SC phase grows via
the interface propagation when the torsion loading in-
creases (loadings 3–5 in Fig. 5).
A loading-unloading cycle is shown in Fig. 6. There
is a torque jump (phase annihilation, with the arrow
up) in the unloading curve while a torque drop (phase
nucleation, with the arrow down) appears in the loading
curve. It is noted that a loop is formed by the loading
and unloading curves. That means some elastic energy
is dissipated during the instability processes (phase nu-
cleation and annihilation), which is transferred to heat.
Fig. 5. Simulated twist proﬁle (g = 1.2 μm) of a ﬁlament
under torsion loading.
Fig. 6. Simulated torque-torsion curve of loading and un-
loading.
According to the torque response of the unloading,
the simulated twist distribution is shown in Fig. 7. With
the torsion unloading, the SC phase shrinks via the in-
terface propagation (unloadings 1–3). When the phase
shrinks to a critical small size (around two times the
interface thickness), the phase is annihilated suddenly
(unloading 3–5). The ﬁlament returns to the initial
state (N phase).
Fig. 7. Simulated twist proﬁle (g = 1.2 μm) of a ﬁlament
under torsion unloading.
We decrease the gradient energy by decreasing g
from 1.2 μm to 0.08 μm which is comparable with the
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experimentally observed interface thickness (0.2 μm–
0.08 μm33). By comparing the simulated twist distribu-
tions of Fig. 5 (g = 1.2 μm) and Fig. 8 (g = 0.08 μm),
we can see that the interface thickness decreases with
decreasing g. The decrease in the interface thickness
means that the interface occupies less volume and has
less interfacial energy. This must aﬀect the processes
of phase nucleation and phase annihilation. In other
words, the changes in the interface properties (governed
by g in the current model) aﬀect the phase transition.
Fig. 8. Simulated twist proﬁle (g = 0.08 μm) at diﬀerent
torsion loadings.
In the above simulation results, the external loading
time t is much longer than the material characteristic
time (viscosity time scale tr in Eq. (4)). So, the above
simulated twist proﬁles are the equilibrium conﬁgura-
tions at diﬀerent torsion loadings. However, when a
sudden torsion load is applied, the twist distribution
would evolve as shown in Fig. 9.
Fig. 9. Evolution of the twist distribution after a sudden
torsion loading.
The typical simulated twist proﬁles in the 330 time
steps after the sudden loading are shown in Fig. 9 (time
step Δt = 0.5 s). At initial equilibrium conﬁguration
(black line t = 0 in Fig. 9), the twists of the coexisting
two phases are the equilibrium values: 0 rad/μm and
4 rad/μm, respectively, while the total torsion angle of
the ﬁlament is 24 radian. When the torsion loading is
suddenly applied (see solid circle for t = 1Δt), extra
elastic twists happen in both phases (the twists of the
two phases increase instantaneously). At this time, the
driving force reaches a maximum as shown in Fig. 10.
With the increases of time t, the SC phase grows via
interface propagation and the extra elastic twists of the
two phases (see t = 1Δt–300Δt in Fig. 9 decrease); the
driving force also decreases with time (Fig. 10). Fi-
nally, the ﬁlament reaches a new equilibrium conﬁgura-
tion (the volumes of the SC and N phases are changed)
and the driving force decreases to zero.
Fig. 10. Driving force change with time after a sudden tor-
sion loading.
In summary, we introduce a non-convex non-local
viscoelasticity model and implement it in FEM simula-
tions to describe the ﬂagella phase transition between
the N phase and the SC phase. The advantages of the
model lie in three aspects: The non-convex elastic en-
ergy can describe the material instability involved in
the phase transition; non-local gradient energy governs
the thickness and the energy of the interface (transition
zone) between the two coexisting phases; viscous dissi-
pation is included to consider the relaxation process as-
sociated with non-equilibrium conditions, e.g., dynamic
phase transition under sudden loading. This model and
the FEM code provide a basic tool to investigate the
behaviors of ﬂagella under various boundary conditions.
In real experiments, ﬂagella phase transition can be very
complicated, e.g. the ﬂagella phase transition is cyclic
in a ﬂowing ﬂuid and the deformation includes both
twisting and bending. Further studies are still needed
to achieve a full understanding of the ﬂagella’s behav-
iors. The main conclusions of our preliminary results
are summarized as follows.
The nonconvex nonlocal elasticity model and the
developed FEM code are able to simulate the transfor-
mation process of a bio-ﬁlament phase nucleation, prop-
agation and annihilation. The simulation captures the
main features of the observation of Hotani’s experiment
(torque accumulation corresponds to phase nucleation,
torque drop corresponds to phase growth, forward and
backward transition).
The eﬀect of the interfacial properties (interface
thickness and energy) on the phase transition can be
properly described by the non-local theory. The inter-
facial properties aﬀect both the twist proﬁles and the
torque responses during phase nucleation and phase an-
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nihilation.
Non-equilibrium evolution of the two coexisting
phases under dynamic loadings can be captured in the
non-local FEM simulation based on the viscoelasticity
framework.
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